Abstract. Natural convection heat transfer and fluid flow inside enclosures filled with fluids, such as air, water or oil, have been extensively analysed for thermal enhancement and optimisation due to their applications in many engineering problems, including solar collectors, electronic cooling, lubrication technologies, food processing and nuclear reactors. In comparison, little effort has been given to the problem of natural convection inside enclosures filled with nanofluids, while the addition of nanoparticles into a fluid base to alter thermal properties can be a feasible solution for many heat transfer problems. In this study, the problem of natural convection heat transfer and fluid flow inside a wavy enclosure filled with Al 2 O 3 -water nanofluid is investigated numerically using ANSYS-FLUENT. The effects of surface waviness and aspect ratio of the wavy enclosure on the heat transfer and fluid flow are analysed for various concentrations of Al 2 O 3 nanoparticles in water. Flow fields and temperature fields are investigated and heat transfer rate is examined for different values of Rayleigh number. Results show that heat transfer within the enclosure can be enhanced by increasing surface waviness, aspect ratio or nanoparticles volume fraction. Changes in surface waviness have little effect on the heat transfer rate at low Rayleigh numbers, but when Ra ≥ 10 5 heat transfer increases with the increase of surface waviness from zero to higher values. Increasing the aspect ratio causes an increase in heat transfer rate, as the Rayleigh number increases the effect of changing aspect ratio is more apparent with the greatest heat transfer enhancement seen at higher Rayleigh numbers. Nanoparticles volume fraction has a little effect on the average Nusselt number at lower Rayleigh numbers when Ra ≥ 10 5 average Nusselt number increases with the increase of volume fraction. These findings provide insight into the heat transfer effects of using Al 2 O 3 -water nanofluid as a heat transfer medium and the effects of changing geometrical parameters, which will help in developing novel geometries with enhanced and controlled heat-transfer for solar collectors, electronic cooling, and food processing industries.
INTRODUCTION
Convective heat transfer is an important area of study due to the vast and ever-increasing number of applications in many engineering fields. Applications such as electronic cooling, heating and cooling buildings, solar collectors, lubrication technologies and nuclear reactors are benefitted by an insight into convective heat transfer cooling. In light of this, a large number of studies cover free and forced convection heat transfer inside a wide variety of geometries [1] [2] [3] [4] [5] [6] [7] [8] . Studies of convective heat transfer inside complex geometries are limited compared to those concerning geometries of regular shape. The analysis is made more difficult when dealing with convection problems in geometrically complex cavities such as L-shaped, trapezoidal, triangular and arc-shaped enclosures. One particular class of complex geometry is that which has wavy walls, an enclosure with one or more walls defined by the sine or cosine function. Relatively few studies exist for this type of geometry, a vast proportion of which focus on the natural convection of air or water in varying conditions and enclosure shapes [6] [7] [8] . Such mediums possess poor thermal properties and given the need to enhance heat transfer characteristics, a better medium is required to reach an optimal design. One such medium consists of nanoparticles introduced into a pure base fluid. The nanoparticles usually exhibit superior heat transfer properties and the resulting nanofluid, therefore, gives improved heat transfer characteristics when compared to the base fluid alone. Studies utilising nanofluids mainly consider regularly shaped geometries and provide conflicting results [9] [10] [11] [12] [13] , far fewer studies exist for the natural convection of nanofluids in wavy geometries [14, 15] . Therefore, in the present study, the natural convection of Al 2 O 3 -water nanofluid has been investigated in an enclosure with horizontal wavy walls. A two-dimensional steady-state numerical model has been developed using commercial finite volume software ANSYS-FLUENT. 
MATHEMATICAL AND NUMERICAL MODELING
Flow within the wavy enclosure is assumed to be two-dimensional, steady, laminar and incompressible. The Boussinesq approximation was used to account for density changes. The Navier-Stokes equations for steady twodimensional flow with the Boussinesq approximation in the y-direction are written as: ( 4 ) where u and v are velocities in the x-direction and y-direction respectively. Here p is the thermodynamic pressure, nf is the effective dynamic viscosity, nf is the effective density, nf is the thermal expansion coefficient, T is the temperature, g is gravitational acceleration, k nf is the thermal conductivity, and C p,nf is the heat capacity. The subscript nf is used to denote the effective Al 2 O 3 -water nanofluid properties, calculated using Al 2 O 3 nanoparticle volume fraction (φ). The effective nanofluid properties are computed using the effective medium theory, the Brinkman model and the Maxwell model as these models provide a reasonable estimate of effective properties and they have been widely used for multi-phase systems [16] [17] [18] [19] [20] [21] [22] . The equations for effective nanofluid properties are given below.
The subscripts s and f represent the solid nanoparticle (Al 2 O 3 ) and base fluid (water) properties respectively. The nanofluids thermo-physical properties were assumed to be constant and thermal equilibrium was assumed between the Al 2 O 3 nanoparticles and water. 
PROBLEM DESCRIPTION
The geometry considered in this study is a horizontal wavy enclosure, shown schematically in Figure 1 . Both wavy walls of the enclosure move through the x-axis direction and are held at constant temperatures. The top wavy wall is considered the cold wall at temperature, T C , the temperature of the bottom hot wavy wall is defined as T H . The enclosure is filled with Al 2 O 3 -water nanofluid with volume fraction and the initial fluid temperature inside the enclosure is T ∞ . The vertical walls are considered to be adiabatic, the initial temperature of the adiabatic walls is taken as the initial fluid temperature, T ∞ . Gravitational acceleration g acts downwards in the negative y-direction and the no-slip boundary condition is valid for the velocity components at each wall. The vertical distance between the wavy walls is defined as and the amplitude of the wavy walls is The different boundary conditions and the coordinate framework are shown in Figure 1 .
Throughout the investigation, the horizontal length of the enclosure is kept fixed at L = 1m. Scaled surface waviness ( ) is defined as the ratio between the amplitude of the wavy walls and the horizontal length of the enclosure, in this study, values of between 0 and 0.15 are considered. Scaled aspect ratio (A) is defined as the ratio between and L and values between 0.25 and 0.50 are considered. The buoyancy forces are modified by the use of the non-dimensional Rayleigh number (Ra), defined as
where β is the thermal expansion coefficient, is the thermal diffusivity and is the kinematic viscosity. The convective heat transfer in the enclosure is calculated in terms of average Nusselt number (Nu av ) defined as the ratio of convective to conductive heat transfer across a boundary. The average Nusselt number is calculated through the integral of the local Nusselt number across the hot wall.
Commercial finite volume based software, ANSYS-FLUENT, was used to provide a numerical solution to the governing equations. The solution procedure is iterative, calculation of the flow field is pressure based and velocity-pressure coupling was achieved using the SIMPLE algorithm. Spatial discretization of the governing equations is done using a second order upwind scheme, differencing is biased in the direction of the flow of information. This scheme helps to ensure solutions are always realistic [23] . The convergence criteria were set such that when the residuals were smaller than 10 -8 for the energy equation and 10 -5 for the mass and momentum equations the solution is considered converged. To select an appropriately accurate mesh with a non-significant error, a grid independence test is carried out by calculating the average Nusselt number of the bottom hot wavy wall for various different grid sizes at different values of Rayleigh number. A wavy enclosure with A = 0.25 and = 0.10 was considered, filled with Al 2 O 3 -water nanofluid ( = 1%). Both uniform and non-uniform meshes were considered, non-uniform meshes were more refined towards the walls of the enclosure as this is where high temperature and velocity gradients are expected. Nonuniform meshes are denoted with the superscript (a). Table 2 shows the results of the grid independency test for mesh densities 25x100, 50x200, 100x400, 50x200 (a) , 65x260 (a) and 75x300 (a) . The grid structure is considered sufficient when results obtained by it are accurate to two significant figures, based on the performed test the 65x260 (a) grid is selected for simulations. 
RESULTS AND DISCUSSION
The numerical setup of the problem is validated by comparison with results obtained in published studies. A study by De Vahl Davis is considered as a benchmark for natural convection problems [24] . This study considers a square cavity (A = 1, λ = 0) filled with air of Prandtl number 0.71. The top and bottom walls are insulated and the vertical sides are held at temperatures T H and T C with gravitational acceleration acting vertically downwards. Figure 2a shows the comparison between literature results and the present prediction; results are presented in terms of average Nusselt number plotted as a function of Rayleigh number. Good agreement can be seen between predicted results and results obtained by De Vahl Davis [24] . A second comparison case considered a square enclosure (A = 1, λ = 0) with identical boundary conditions to those considered in this study. The enclosure is filled with air of Prandtl number 0.71. The vertical walls are adiabatic and the horizontal walls are held at constant temperature, the bottom wall is hot and the top wall is cold. Predicted results for Nu av are compared with results from the literature [7, 25, 26] . Results for Nu av as a function of Rayleigh number are shown in Figure 2b ; predicted results show very good 
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agreement with those presented by Ozisik in Ref. [25] . Predicted results also agree with results from Das et al. [7] at lower Rayleigh numbers, but at Ra > 10 5 results are comparatively closer to Bejan's data available in Ref. [26] . Results comparisons in both validation cases show that the setup used is accurate, a good agreement can be seen between the predicted results obtained using FLUENT and those from cases in the literature. 
Effects of Surface Waviness
Two cases of varying surface waviness are considered for a volume fraction of φ = 1%, different aspect ratios are considered in each case to determine the combined effect of aspect ratio and surface waviness variation. Results for these two cases can be seen in Figure 3 , the average Nusselt number is plotted for selected values of Rayleigh number and varying surface waviness at two fixed aspect ratios, A = 0.25 and A = 0.50. Another case is also considered for an enclosure with A = 0.25, in this case, volume fraction is set at φ = 5% to give insight into the influence of volume fraction on surface waviness variation. Figure 3c 
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The plots in Figure 3 show that increasing surface waviness results in increased heat transfer at higher values of the Rayleigh number (Ra ≥ 10 5 ). At a lower aspect ratio, the effect of increasing surface waviness is almost negligible when the Rayleigh number is small, a slight increase in heat transfer is seen at Ra = 10 3 . As the Rayleigh number is increased to Ra ≈ 5x10 4 a slight reduction in heat transfer can be seen for larger values of surface waviness. At Ra = 10 5 an increase in heat transfer rate can be seen with increasing surface waviness, as Rayleigh number is further increased this effect becomes more apparent with large heat transfer enhancement visible for increasing surface waviness at Ra = 10 7 . When A = 0.50, increasing surface waviness has a negligible effect on heat transfer up to Ra ≈ 5x10 4 , at larger values of Rayleigh number a similar effect is seen to that which occurs when A = 0.25. There is a clear increase in heat transfer with the increase of surface waviness and overall values of heat transfer are higher than at A = 0.25. The effect of increasing surface waviness from zero to higher values at Ra ≥ 10 5 is more apparent when A = 0.25, larger differences in heat transfer can be seen between different surface waviness values than when A = 0.50. Increasing the volume fraction appears to have very little effect on the changes in heat transfer due to increasing surface waviness in an enclosure with A = 0.25. The plot in Figure 3c for φ = 5% is almost identical to the plot in Figure 3a when φ = 1%, a very slight increase in heat transfer is present when φ = 5% at larger Rayleigh numbers. 
Effects of Aspect Ratio
The effect of aspect ratio is explored in two cases for different enclosures of fixed surface waviness, in each case volume fraction was set to φ = 1%. To determine if changes in surface waviness effect results for varying aspect ratio, two values of surface waviness are considered, λ = 0.05 and λ = 0.10. Figure 4 shows plots of the average Nusselt number of selected Rayleigh numbers for two fixed values of surface waviness and different aspect ratios. Each line represents a different aspect ratio as indicated in the legend. It can be seen from Figure 4 that increasing aspect ratio causes an increase in heat transfer rate when λ = 0.05. Heat transfer increases with the increase of aspect ratio throughout the entire range of selected Rayleigh numbers and greater heat transfer enhancement is seen as Rayleigh number is increased. At Ra = 10 3 a negligible difference is seen in heat transfer between different aspect ratios, whereas at Ra = 10 7 a large increase in heat transfer can be seen as the aspect ratio increases. When λ = 0.10, the change in heat transfer with increasing aspect ratio is almost negligible as Rayleigh number is increased up to Ra = 10 6 ; however, increased heat transfer can clearly be seen when A = 0.50. As the Rayleigh number is increased beyond Ra = 10 6 heat transfer rate increases with increasing aspect ratio, similar to the case when λ = 0.05. Overall values of heat transfer are greater in the enclosure with λ = 0.10; 
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however, heat transfer enhancement with increasing aspect ratio is much more apparent at λ = 0.05, this can be seen in Figure 4c . Figure 5 shows the effect of nanoparticle volume fraction on heat transfer in three different enclosures, enclosure shapes are chosen such that low and high values of surface waviness and aspect ratio are considered. This means a combination of parameter values can be found that optimise heat transfer, the average Nusselt number is plotted for selected values of Rayleigh number and varying volume fractions. As can be seen in Figure 5a , the volume fraction of nanoparticles makes no quantitative difference to the heat transfer rate in any of the three enclosures tested at lower Rayleigh numbers. The average Nusselt number remains constant for each value of φ tested. The results in Figure 5b show an increase in heat transfer as volume fraction increases. At Ra = 10 5 the effect of varying volume fraction is negligible in the two enclosures with the lower aspect ratio of A = 0.25. In the enclosure with A = 0.40, an almost linear increase in heat transfer is shown with the increase of volume fraction at Ra = 10 5 . As the Rayleigh number is increased to Ra = 10 6 , the increase of heat transfer with volume fraction is present in all enclosures considered. In both enclosures with A = 0.25, the way heat transfer rises with volume fraction is very similar and both lines run almost parallel to each other. The difference in surface waviness between these enclosures has little effect on the amount heat transfer increases due to volume fraction variation. But, average values of heat transfer are higher in the enclosure with the larger surface waviness of λ = 0.15, this means the relative heat transfer increase is greater in the enclosure with λ = 0.10. Similar to when Ra = 10 5 , a larger increase in heat transfer is present at higher volume fractions in the enclosure with the larger aspect ratio of A = 0.40 when Ra = 10 6 . 020003-8
Effect of Nanoparticle Volume Fraction

CONCLUSIONS
The performed numerical study investigated the natural convection of an Al 2 O 3 -water nanofluid in an enclosure with horizontal wavy walls to provide insight in the enhancement of heat transfer through geometry and medium optimisation. Obtained results provide some important conclusions, such as Heat transfer within the enclosure can be increased by increasing surface waviness at higher Rayleigh numbers (Ra ≥ 10 5 ), below which there is a negligible effect; Increasing enclosure aspect ratio can increase heat transfer, this effect is enhanced with increasing Rayleigh number; Volume fraction of nanoparticles has a negligible effect on heat transfer at lower Rayleigh numbers and only a small increase in heat transfer is seen for an increasing volume fraction when Ra ≥ 10 5 ; Highest heat transfer rate is seen in an enclosure with A = 0.50, λ = 0.15 and φ = 20%.
In future, this study can be extended to a more refined range of values of each parameter considering different nanoparticles and geometry shapes.
